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Abstract. We study quadratic skew-products with parameters driven over 
piecewise expanding and Markov interval maps with countable many inverse 
branches, a generalization of the class of maps introduced by Viana IVi97l . 
In particular we construct a class of multidimensional non-uniformly expand- 
ing attractors that exhibit both critical points and discontinuities and prove 
existence and uniqueness of an SRB measure with stretched-exponential de- 
cay of correlations, stretched-exponential large deviations and satisfying some 
limit laws. Moreover, generically such maps admit the coexistence of a dense 
subset of points with negative central Lyapunov exponent together with a full 
Lebesgue measure subset of points which have positive Lyapunov exponents 
in all directions. Finally, we discuss the existence of some non-uniformly hy- 
perbolic attractors for skew-products associated to hyperbolic parameters. 



1. Introduction 

Since the 1960's, when the concept of uniform hypcrbolicity was coined by 
Smale in |Sm67] . a relevant question in dynamical systems is to construct exam- 
ples that exhibit the hyperbolic features described by the theory. In fact, Hunt 
and Mackay |HM03j proved that uniformly hyperbolic dynamical systems, among 
which Smalc's horseshoe is a paradigmatic example, arise naturally in physical sys- 
tems. On other direction, simple examples arising from populational dynamics led 
to consider the quadratic family T a (x) = ax(l — x) or cquivalently f a (x) = 1 — ax 2 
that despite the simple formulation presents very rich and complex dynamics. On 
the one hand it follows from pioneering works by Jakobson, Benedicks and Car- 
leson |Jak81[ IBC85] that there exists a positive Lebesgue measure set A C (0, 2] 
such that f a (x) = 1 — ax 2 has an absolutely continuous ergodic probability mea- 
sure with positive Lyapunov exponent for all a £ A. On the other hand, it follows 
from Graczyk and Swiatek |GS97j and Lyubich |Lyu97| that f a is hyperbolic for 
an open and dense set of parameters a £ (0,2]. This illustrates that strict non- 
uniform hypcrbolicity is not robust among the family of quadratic maps. In fact, 
this general one-dimensional feature was established by Kozlovski, Shen and van 
Strien |KSvS07a] that proved that hyperbolicity is open and dense among C k maps 
of the interval or the circle. We refer the reader to Subsection 13. II for details. 

The class of maps of the cylinder known as Viana maps was introduced in |Vi97j : 
they are any small C 3 -perturbations ip of the skew-product transformations 

ip a : S 1 x I -> S 1 x I 

(0,x) ^ (g(6)J a (9,x)) 
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where g is an expanding map of the unit circle S 1 with |<?'(#)| > d where d > 16 and 
f a (0, x) = ao + a sin(27r#) — x 2 for some small a > and parameter ao G (0, 2] such 
that the quadratic map h(x) = ao — x 2 is of Misiurcwicz type. Despite the presence 
of a critical region, which is a circle, Viana proved that this class of transformations 
of the cylinder S 1 x M have positive Lyapunov exponents in every direction, that is 

liminf-log||lVXM)u|| >0 

n— f oo TL 

for Lebesgue almost every (9, x) and all v <E Trg^^S 1 x R). These first multidi- 
mensional examples with robust non-uniformly expanding behavior exhibit a weak 
form of hyperbolicity, namely partial hyperbolicity. Building over this, Alves jAlOO] 
proved that there is a unique ^-invariant probability measure absolutely continu- 
ous with respect to Lebesgue. Several other recent contributions and extensions 
include the ones by Gouzel |Gou07j on the skew products with curve of neutral 
fixed points, by Buzzi, Sester and Tsujii |BST03] for C°°-perturbations of the skew 
product ip a with a weaker condition d > 2 and later on by Schncllmann [Sc08] 
that considered /3-transformations and by Schnellmann, Gao, Shen |Sc091 IGS12] 
considering Misiurewicz-Thurston quadratic maps as the base dynamics. In some 
sense these examples present some weak domination condition. 

An important challenge in dynamics is to construct multidimensional attrac- 
tors without dominated splittings but persistence of nonuniformly expanding be- 
haviour in parameter space. Such phenomena might occur in a parametrized fam- 
ily F(x,y) — (a(x,y) — x 2 ,b(x,y) — y 2 )) as proposed by Bonatti, Diaz and Viana 
in |BDV05j . A simpler but still intricate class of examples correspond to skew- 
product of quadratic maps where the base dynamics is a nonuniformly expanding 
quadratic map. A first important contribution was given by Schnellmann |Sc09j . 
that considered a Misiurewicz-Thurston quadratic map as base dynamics. However, 
since parameters corresponding to Misiurewicz-Thurston quadratic maps have zero 
Lebesgue measure in the parameter space then the previous question remains open. 
On the other hand, since nonuniform expansion is well known to be related with 
inducing schemes and piecewise expanding maps with infinitely many branches, one 
important motivation to consider skew products of quadratic maps over expand- 
ing dynamics with infinitely many branches is to understand if the technique of 
inducing can be an useful approach to the previous question. 

In broad terms our contribution to the theory of nonuniformly hyperbolic dy- 
namics in this paper is to study a class of quadratic skew-products over a Markov 
expanding map of the interval with at most countably many inverse branches: skew- 
products <p a (0, x) = (g{0), f a {9, x)) with g piecewise expanding Markov map of the 
unit interval and f a {0, x) = a^ + a sin(27r#) — x 2 for some small a > and parameter 
ao € (0,2]. This class of transformations behave much differently maps depending 
on the parameter ao- In one direction, if h(x) = ao — x 2 is a Misiurewicz quadratic 
map then we overcome the difficulty caused by the presence of critical points and 
infinitely many invertibility branches to prove the existence of positive Lyapunov 
exponents at Lebesgue almost every point. In particular, there exists a unique 
absolutely continuous invariant measure with good statistical properties, thus ex- 
tending the results of [Vi97| [AlOOj . Moreover, we also prove that generically such 
transformations admit the coexistence of the full Lebesgue measure set of points 
which have only positive Lyapunov exponents together with a dense set of points 
with one positive and one negative Lyapunov exponents, a fact that was unkown 
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even in the context of Viana maps in [Vi97j . On the complementary direction, if 
the parameter ao is such that the quadratic map h(x) = ao — x 2 is hyperbolic then 
there exists a unique SRB measure and it is hyperbolic with one positive and one 
negative Lyapunov exponent. Moreover, the complement of the basin of attraction 
of the SRB measure consists of a Cantor set of lines and the support of the measure 
exhibits transversality phenomena as in the class of maps studied by Tsujii [TsuOlj 
and Volk |Vollj . We refer the reader to the next section for the precise statements. 

This paper is organized as follows. In Section [2] we recall some definitions and 
state our main results. Some preliminary results are given along Section [31 while 
the proofs of the results are postponed to Sections HI [5] and [6] 

2. Statement of Main Results 
In this section we present the necessary definitions to state our main results. 

2.1. Setting. Let V = {wi}ieS,ScN be an at most countable partition of the unit 
interval (0, 1] by subintervals and g : (0, 1] — s- (0, 1] be a C 3 pieccwisc diffcrentiablc 
map. We will say that g is a Markov expanding map if g(wi) — (0, 1] and the 
restriction g \ ut is a C 3 diffcomorphism with a C 3 extension to the closure for any 
i £ S, \g'(6)\ >d > 16 for all 6 £ (0, 1], and there exists K > so that \g"\ < A'|#'| 2 . 
The later is the so called Renyi condition, which is a sufficient condition to obtain 
the bounded distortion property in Subsection 13.11 Throughout we assume that 
fog l<?'l € L 1 (Leb). This is a natural assumption to obtain finite positive Lyapunov 
exponent for g and related with the size of smaller intervals of V . Now we introduce 
the family of skew-products of the space (0,1] x K with countably many inverse 
branches. 

Definition 2.1. We say that a piecewise C 3 map <p: (0, 1] X R — > (0, 1] x R is a 
generalized Viana map if it is a skew-product given by 

ip a : (0,1] XK -> (0,l]xR 

(6,x) ^ (g(6),f a (0,x)) 

where g is a piecewise linear Markov expanding map on (0, 1] and f a (6, x) = ag + 
asm(2ir8) — x 2 for some a > and parameter ao € (0, 2]. 

The assumptions on the parameter ao will be crucial. Recall that the quadratic 
map h(x) = ao — x 2 is Misiurewicz provided that the critical point is pre-periodic 
repelling. It is not hard to check that there exists an interval Iq C [h 2 (0), h(0)] such 
that v?a((0, 1] x 7o) C (0, 1] x I for every a > small enough. Then we define the 
attractor A = A(<^ a ) for ip a by 

AfoO= n^((0,l]x/ ) 

n>0 

and consider the restriction ip a \\- Let us mention that although it seems reason- 
able that some other classes of infinitely branched interval expanding maps can be 
considered as base dynamics without the Renyi assumption some condition on the 
decay of the size of the partition elements should be necessary (e.g. otherwise could 
exist SRB measures with finite positive Lyapunov exponent). 

Finally, to study perturbations of this class of skew-produtcts we introduce an 
appropriate topology. Assume, without loss of generality, that J = No, that (0j)j 
is a strictly decreasing sequence in (0,1] and u>i = for all i £ No- Given 
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e > we say that p : (0, 1] x R — > (0, 1] x R is e-C 3 -close to the skew-product <p a 
above if (p(9,x) = (g(0), f(9,x)) is a piecewise C 3 map and satisfies: 

(i) p((0, 1] x Iq) C (0, 1] x Iq and g is a Markov expanding map on (0, 1]; 

(ii) If (0, 1] = UieS^+i' ^ s a Markov partition for 5 then the renormalized 
maps Rig : w, x I 4 (0, 1] and Rif : x 1 -> I given respectively by 



and 



R i9 (9) = g e i+1 + ; : +1 (e 6 i+1 ) 



Rif{e,x) = f e l+ i + i ; +1 (o - e i+1 ),x 



Ji+l 

satisfy sup^, \\g(-) - R l g(-,x)\\ C 3 < e and ||/U x r - RifWc 3 < £■ 
Let us make some comments on our assumptions. We will assume for notational 
simplicity that the partition V is preserved under perturbations, in which case 
C 3 perturbation coincides with the usual notion for interval maps. Condition (i) 
implies that the perturbed map p:(0,l]xR-> (0, 1] x R is a skew-product with 
countably many domains of invertibility over a Markov expanding map. These are 
natural assumptions if one assumes the base dynamics to be induced map from some 
one-dimensional nonuniformly expanding map. Condition (ii) implies the domains 
of invertibility of p to be close to those of (p a and that the dynamics in each domain 
is C 3 -closc to the original one. So, these assumptions require the map p> to be close 
to p a from both the topological and the differentiable viewpoints. Notice that in 
the case that #5 = d < 00 with all intervals of the same size, the map g induces a 
map in S 1 = I / ~ and we recover the setting of |Vi97j . 

2.2. Statement of results. We are now in a position to state our main results. 

Theorem A. Consider the skew-product tp a : (0, 1] x / — > (0, 1] x / given by 
p a (6, x) = (giO), f a (0, x)) and such that h(x) = ao — x is Misiurewicz. Then there 
exists c > such that for any small a it holds 

liminf-log||LVa(MHI > c > 

n— >oo Tl 

for Lebesgue almost every (9,x) and every v G R 2 \ {0}. Moreover, there exists 
£ > such that the same property holds for every p that is e-C 3 -close to p a . 

As a byproduct of the proof we obtain some estimates on the decay of the first 
time at which some hyperbolicity is obtained. These are known as hyperbolic 
times (see |A100j for some details). In consequence, one can use the works of 
Araujo, Solano jArSllj or Pinheiro |Pillj to build an inducing scheme and deduce 
the existence of an SRB measure with good statistical properties. Recall that a 
(^-invariant and ergodic probability measure /1 is an SRB measure if its basin of 
attraction 

^ n— 1 

B{n) = {(6,x) G (0,1] x I Q : ^ fJ-} 

n 3=0 

has positive Lebesgue measure. Here we establish not only uniqueness of the SRB 
measure as we obtain several important statistical properties. Let Hp be denote 
the space of /3-H61der continuous observables. We obtain the following: 
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Theorem B. Let tp a : (0, 1] x I — > (0, 1] x I be a generalized Viana map p a (&-, x) = 
(<?(#), fa(9, x)) such that h(x) = oq — x is Misiurewicz. Then, for any small a > 0: 

(1) (p a is topologically mixing; 

(2) There exists a unigue ip a -invariant measure [i a that is absolutely continuous 
with respect to Lebesgue on the attractor A(tp a ) ; 

(3) fi a has stretched- exponential decay of correlations, that is, there exists C > 
and t £ (0, 1) such that 



(hi o cp™)h 2 dfx a - / hidn a . I h 2 d\x a 



<Ce~^\\ /nH ^ \\ p 

for all large n and observables hi G L°°()i) and hi £ Tip; 

(4) fi a has stretched- exponential large deviations, meaning that there exists £ £ 
(0, such that for all 5 > and h 6 T-Lp there exists 7 > satisfying 

jim— h o ifp 1 — / hd[i a > S^j < e _7 ™ C for all large n; 

(5) fi a satisfies the central limit theorem, the almost sure invariance principle, 
the local limit theorem and the Berry-Esseen theorem for Holder observables 

Furthermore, all these properties hold for every ip that is C 3 -close enough to ip a . 

Our strategy to deduce the later ergodic properties is to use recent contributions 
to the study of stretched-exponential large deviations and limit theorems using 
Markov induced maps e.g. by Melbourne and Nicol |MN08j . Alves, Luzzatto, Fre- 
itas, Vaicnti jALFVllj or Alves and Schnclmann [AS 11) . Our next main result 
concerns the coexistence of a dense set points with a negative and a positive Lya- 
punov exponents together with a full Lebesgue measure set of points with only 
positive Lyapunov exponents. 

Theorem C. Let ip a : (0, 1] x I (0, 1] x I be a generalized Viana map ip a {0, x) = 
(g(0), f a {0, x)) such that h(x) = oq — x 2 is Misiurewicz and let V be a C 3 '-open set 
of generalized skew- Viana maps. Then there exists a residual subset 1Z C V such 
that for every tp € 1Z 

(1) the map ip has countably many saddle points; 

(2) there is a dense set of points D C A(y>) with a negative Lyapunov exponent, 
that is, 



lim sup — log 

n— ► 00 Tl 



d 

Dcp n (e,x)— <0 for all (6, x) e D; 
ox 



(3) all periodic points are hyperbolic ; 

(4) Lebesgue almost every point in A has two positive Lyapunov exponents. 

In view of the previous theorem an interesting question is to understand if, at 
least generically, all Lyapunov exponents are bounded away from zero. The later 
goes in the direction of understanding possible phase transitions for the topolog- 
ical pressure P(t) of the generalized Viana-map <p a with respect to the family of 
potentials i\) a ,t = —t\og\d x p a \, that is, parameters t such that ip a ,t nas none or 
more than one equilibrium state. Finally, our last main result concerns the dynam- 
ics of quadratic skew-products where the parameters are driven among hyperbolic 
parameters. We will say that K C (0, 1] x Iq is a Cantor set of curves if for any 
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9 € (0, 1] the set Kg :=Xfl ({9} x I ) is a Cantor set and the map 9 i— > Kg is con- 
tinuous in the Hausdorff topology. First recall that a quadratic map h(x) = ao — x 2 
is hyperbolic if it has finitely many hyperbolic attracting periodic points and the 
complement of the basins of attraction is a hyperbolic set. 

Theorem D. Consider the skew-product ip a : (0, 1] X I — > (0, 1] x / given by 
ip a (9,x) = (g{9), f a (9,x)) and such that h{x) = ao — x 2 is hyperbolic. Then for 
every small a > the map ip a has a unique SRB measure v supported in an attractor 
Q such that all points have one positive and one negative Lyapunov exponents. 
Moreover, the complement K of the basin of attraction B(y) is a ip a -invariant and 
expanding Cantor set of curves. Finally, the same holds for every ip that is C 3 -close 
enough to tp a 

Let us mention that the SRB measure above is supported on a topological atrac- 
tor Q C (0, 1] x I as described in detail in Section [7] Finally, some interesting 
questions are to understand if the transversality properties of admissible curves 
yield that the attractor Q has non-empty interior and the SRB measure is abso- 
lutely continuous with respect to Lebesgue (we refer the reader to |Tsu01[ IVoll] 
where similar problems are considered). Finally, since almost every parameter is 
regular or stochastic for the quadratic map it would be interesting to understand 
wether either of Theorem A or Theorem D hold for quadratic skew-products and 
Lebesgue almost every parameter a G (0, 2]. 

2.3. Some applications. Let us finish this section with some examples. 

Example 2.2 (Viana maps). The class of maps considered in |Vi97| fit in the previous 
setting. In fact, assume g? > 16 and take the Markov expanding map on (0, 1] given 
by g{9) = d9 — [d9] (where [■] stands for the integer part). Then g admits a C 3 - 
extension to the boundary elements and one can identify the boundary points of 
(0, 1] to obtain the C 3 expanding map on the circle S 1 given by g{9) = d9( mod 1), 
thus recovering the previous setting. In particular, in this context Theorems 
and [B] are consequences of |Vi97[ lAlOOj . 

In this context, it follows from Theorems ICl that C 1 -generic transformations in 
the C 3 neighborhood of Viana maps exhibit coexistence of a dense set of points 
with one negative Lyapunov exponent while Lebesgue almost every point has only 
positive Lyapunov exponents. Finally, it follows from Theorem [D] that quadratic 
skew-products with parameters driven among hyperbolic ones admit a unique SRB 
measure, it is hyperbolic and the complement of its basin of attraction is an ex- 
panding Cantor set of lines. 

In the next class of examples we present a robust class of Markov expanding 
maps with discontinuities and infinitely many invertibility domains. 
Example 2.3 (Quadratic skew-products over piecewise linear expanding maps). Let 
V be an arbitrary countable partition of the unit interval (0, 1] in subintervals 
(wi)i e s with size smaller or equal to i and let go be piecewise linear satisfying 
g{ui) = (0,1]. Since \g' {9)\ > d and g (9)' = for all 9 G (0,1] then it is clear 
that go is a piecewise Markov expanding map and satisfies the Rcnyi condition. 
See Figure 1 above. Moreover, if g is a Markov expanding map that is e-C 3 -close 
enough to g then it follows from Lemma l3.1l that it also satisfies the Renyi condition 
thus satisfying all the hypothesis to be used as base dynamics. 
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Figure 1 . Small perturbation of piecewise linear expanding map 



3. Preliminaries 

In this section we recall some definitions and preliminaries that will be used in 
the proof of the main results. 

3.1. One dimensional dynamics. 

Combinatorial description of Markov expanding maps. Here we describe the Markov 
expanding maps g from the combinatorial point of view. Let P = {cJi}ies,Scfi be 
the Markov partition for g. Then there is a semi-conjugacy between the dynamics 
of g and the full shift a : S N -> 5 N given by 

c(s , si, s 2 , . . . ) = (si, s 2 , S3, ■ • ■ ), 

where the semi-conjugation is given by the itinerary map l : N N — > (0, 1] defined 
as t(sQ, si, S2, ■ ■ ■ ) = 9 and 9 is the only point in (0,1] satisfying g J (9) G w s . for 

all j. Set pW = VJ=o P" J '(^) and for 

any partition element G T^™) define 
(ui) = (si, S2, . . . , s„_i) as its n-th itinerary. For simplicity we will denote 
by LO(s .s 1 ,s 2 ,...,s„„ 1 ) the element of P^ whose itinerary is (sq, si, s 2 , . . . , s„_i). This 
will be helpful to give a precise description of points that visit to definite regions 
of the phase space. 

Renyi condition. Here we show that Renyi condition is an open property among 
Markov expanding maps and relate this with the bounded distortion property. 

Lemma 3.1. Assume that g : (0, 1] — > (0, 1] is a C 3 -Markov expanding map satis- 
fying the Renyi condition \g"\ < K\g'\ 2 . If \\g — g\\c 3 < e f or small e then g satisfies 
W'\ < K\g'\ 2 with K = (d- e)- 2 e + (1 - e)~ 2 K. 

Proof. Assume that \\g — g\\c 3 < £• Using that g is expanding it follows that 
\g' — g'\ < e < e\g'\ and consequently 

m < \9"\ + \g"-g"\ < i || _-n , \g"\ 

\g>\*- |5'| 2 -{d-eY- W - 9 " C2+ (|5'|-| 5 '-.9'l) 2 

1 -„ 1 W'\ 1 -n K 

- JdTW h gllc ' 2 + W^WW - ¥^W h - 9,lc2 + (T-7F- 

This proves that g also satisfies the Renyi condition and proves the lemma. □ 
In the second lemma we collect some bounded distortion estimates. 
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Lemma 3.2. Let g be a C 3 -Markov expanding map satisfying \g'(6)\ > d and the 
Renyi condition \g"\ < K\g'\ 2 . Then, for all uj G ?W and 61,62 G w 

/ dK" \ |(3™)'(6li)| / dK 

exp - — — < \) y ')„{\ < exp I 



d-U ~ \(g n )'(6 2 )\ ~ ^\d-l, 

Proof. Let 61,62 <G w for some uj G "P*-") be given. We may assume, without loss of 
generality, that g n | u is increasing. Then 

log j^yUrl < E I lo sW(0i))) - Iog(sV(fc))) 



3=0 



= if 53 |^(fl x ) - j(o 2 )\ < Kj2d- (n - j) \g n (ei) - 9 n (6 2 )\ 

3=1 3=1 
which is clearly bounded from above by K(l — d^ 1 )^ 1 . Since 61,62 we arbitrary 
then the lower bound also holds. This finishes the proof of the lemma. □ 

Finally let us recall that it is well known that if g is a Markov expanding map 
with the Renyi condition then there exists a unique absolutely continuous invariant 
probability measure. We will use the following strong Gibbs property for Lebesgue. 

Corollary 3.3. Let g be a C 3 -Markov expanding map satisfying \g'(0)\ > d and 
the Renyi condition \g"\ < K\g'\ 2 . Then, for all uj G ?W and 6* G uj 

/ dK \ Leb(w) / dK 



(£1) 



d-U - \(g n )'(e*)\-i 

Proof. The proof is a simple application of the usual change of coordinates to the 
diffcomorphism g n \ u : uj (0, 1] by means that 



\(g n )'(0)\ d6 = Leb(. 9 '») = Leb(/(0, 1]) = 1 
together with the previous bounded distortion estimates. □ 

Hyperbolicity in dimension one. In jSmOOj . Smale proposed the density of hyper- 
bolicity in dimension one as one of the problems for the 21st century. Recall that 
a C 1 endomorphism of a compact interval is hyperbolic if it has finitely many hy- 
perbolic attracting periodic points and the complement of the basins of attraction 
is a hyperbolic set. Such major achievement was obtained by Kozlovski, Shen and 
van Strien. 

Theorem 3.4. (Theorem 2 in [KSvS07a j Hyperbolic maps are dense in the space 
of C k maps of the compact interval or the circle for k = 1,2, . . . , 00, u>. 

Here we will need to obtain hyperbolicity for the composition of an arbitrary 
number of interval maps. More precisely, we deduce the following proposition as a 
consequence of the later theorem. 

Proposition 3.5. Let C k ([a, b}) denote the space of C k maps on the compact in- 
terval [a,b], k = 1, 2, . . . , 00, uj. For any n > 1 there exists an open and dense 
set Tin C [C fc ([a, b])] n such that the map g v r n \ SWn-i) •••5tt(i) <= C fe ([ a j^]) * s 
hyperbolic for every (g±,g2, ■ ■ ■ ,g n ) G Hn and every n-permutation it. 



Proof. Fix an arbitrary n > 1 and for any permutation 7r consider the continuous 
transformation defined by 

C fe ([a,6]) x ••• x <7 fe ([a,6]) -> C fe ([a,&]) 

(31,52, •■• ,9n) ^ ffff(n) Sir(re-l) ° • ■ -9ir(l)- 

Assume for notational simplicity, without any loss of generality, that 7r = id or 
equivalently ^(gi, 92, ■ ■ ■ ,9n) = 9n ° <7n-i • • • 9i- Since hyperbolicity is a robust 
property it follows from the previous theorem that the set A C C k ([a,b]) of hyper- 
bolic maps is open and dense. Since <!>„• is continuous this implies that the set H n = 
^ 1 (A) is open. Moreover, Theorem 13.41 yields that for any given (gi,g 2 ,... ,g n -i) 
there exists a dense set of maps g n in C k ([a, b]) such that g n o g n _\ o . . .g 1 is hy- 
perbolic. This proves that contains a dense set in C k ([a,b]) n , thus is an open 
and dense set. Now we define the set W. n = n T Wj. Since the intersection is over n! 
elements ir it is clear that H n is an open and dense set in [C k ([a, b])] n that satisfies 
the assertion of the proposition. This finishes the proof of the proposition. □ 

Fibered expansion. Now we collect some results on a mechanism to obtain expansion 
in the fiber direction. Roughly, expansion for random composition of perturbations 
of a Misiurewicz quadratic map h(x) = ciq — x 2 is obtained if orbits avoid the critical 
region and the loss of expansion in each return to the critical region is proportional 
to the return depth. More precisely, 

Proposition 3.6. [Vi97| Lemmas 2.4 and 2.5] Take h(x) — oq — x 2 and for a > 

consider f(6,x) = oq + a sin(27r#) — x 2 . There are constants < K < 1 and 
< n < ^ (depending only on h) and <5i,C2 > 0, o~x,(T2 > 1 such that, for every 
small a > there exists N(a) > 1 satisfying: 

(1) Kq log — < N(a) < K\ log — for some uniform constants Kq, K\ > 0; 

(2) Given an interval I C Iq, for every (0,x) € (0, 1] x I with \x\ < lyfa. the 
iterates (6j,Xj) = ip 3 {9,x) satisfy \xj\ > y/a for every j — 1 . . .N(a); 

(3) IIS" 1 \Oxf(0j,Xj)\ > l^la- 1 ^ for all (9,x) £ (0, 1} X I with \x\ < 2^; 

(4) For every (9,x) £ (0,1] x / with \fa < \x\ < 5% there exists p(x) < N(a) 

so that ng- 1 !*^)!^^'; 

(5) U"=o l^/(^,^)| > C 2> /5*2 for every (6,x) € (0,1] x I with \ Xj \ > ^ 
for every j = 1, . . . , n — 1; and 

( 6 ) n"=o \ d xf{0j,xj)\ > C 2 o-% for all (6,x) G (0,1] x I such that \ Xj \ > ^ 
with j = 1, . . . , n — 1 and \x n \ < Si. 

Taking the previous proposition into account it is important to estimate how 
close typical points return close to the critical region. 

3.2. Partial hyperbolicity and admissible curves. Under our assumptions on 
the generalized Viana maps of Definition 12. 1\ we obtain that the map is indeed 
partially hyperbolic in the sense that the dynamics along the horizontal direction 
dominates the dynamics along the vertical fibers. This will be made precise in 
terms of admissibele curves as we now describe. 

Definition 3.7. A curve Y = graph(y) with Y : (0, 1] — > Iq is an admissible curve 
if it is C 2 diffcrentiablc, \Y'{0)\ < a and \Y"{6)\ < a for every 6 € (0, 1]. 

The strong expansion assumption on the Markov map g yields a domination 
property as we now describe. 
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Lemma 3.8. If Y is an admissible curve then for every w G it follows that 
f n {Y 1^) is an admissible curve. In particular ip n (Y) is an at most countable 
collection of admissible curves. 

Proof. This lemma follows from |Vi97[ Lemma 2.1], whose argument we reproduce 
here for completeness and the reader's convenience. Since it is enough to prove 
the lemma for n = 1 and use the argument recursively, let Y = graph Y be an 
admissible curve and take uj G V . Then, for every 9 G P 

y{Y{6)) = <p(9,Y{6)) = {g{6), f{6,Y{6))) = (9(6)^(9(6))) 

where, by the chain rule and definition of Y\ : (0, 1] — > /, 

\Y((g(9))\ < \d e f{Y{9))+d x f(Y{9))Y'{9) 

Analogously it is not hard to check that 

\YI(9(0))\ < TTHKn d ee f(Y(9)) + d x8 f(Y(9))Y'(9) + dg x f(Y(9))Y'(8) 



27T + 4 

< a < a. 

~ 16 



+d x f(Y(8)) Y"(9) + d xx f(Y(9)) [Y'(9)f Y[{g{9)) 9" '(9) 



which is smaller than a since the partial derivaties of / are smaller compared with 
the term 1/|<?'| 2 < 1/16 2 . This proves that Y\ = <p(Y \ u ) is an admissible curve. 
Since V is at most countable then tp(Y) is the union of at most countable admissible 
curves. This finishes the proof of the lemma. □ 

The crucial property of admissible curves is that their images by ip are non-flat. 

Lemma 3.9. Let Y = graph Y be an admissible curve and set Y\(9) = tp(Y)(9) = 
(g(0), Yi {8)). Then \Y{(9)\ > a/2 or \Y{'{8)\ > 4a for every 9 G (0, 1] and 

Lcb (0 e (0, 1] : Yi(9) e (0, 1] X l) < ^ + 
for any interval I C Iq . 

Proof. The proof follows the same ideas of |Vi971 Lemma 2.2] even with the presence 
of discontinuities for g. In fact, set Y(9) = (9, Y(9)) and notice that for all 9 € (0, 1] 

Yl{9) = def(Y(e)) + d x f{Y{9))Y'(9) = 2nacos{2n9) - 2Y(9) Y'(9) (3.1) 

and Y{'{&) = -4tt 2 sin(27r6») - 2Y'(9) 2 - 2Y{9)Y"(9). If 6 G A = {6 G (0, 1] : 
I sin(27i#)| < i} then | cos(2tt6I)| > ii and it follows from that \Y{{9)\ > (^-~ 

4)a > f . Otherwise, for 9 G (0, 1]\A it foUows that \Y{'(9)\ > (^-2-2a)a > 4a. 
This proves the first statement if the lemma. 

Now, notice that A has three connected components and > a/2 for 

all 9 € A. Moreover, since the map 9 H> Y\(9) is C 1 -diffcrentiable then ap- 
plying the Mean Value Theorem applied to Y\ on each connected component of 
A it follows that Leb (o G A : Y t {9) G (0, 1] x /) < Using that \Y{'\ > 4a 

on the two connected components of (0, 1] \ A a similar argument shows that 
Leb (9 G (0, 1] \ A : Yi(0) G (0, 1] X ij < 4y^ = 2^-. The proof of the lemma 
is now complete. □ 

We obtain the following very useful consequence. 
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Corollary 3.10. Let Y = graph (Y) be an admissible curve and set Yj = ip J (Y). 
Then there exists C > ( depending only on g) such that for any subinterval satis- 
fying \I\ < a it holds 

Leb (61 G (0, 1] : Yj(6) £ (0, 1] X /) < C\j^- for all j > 1. 

Proof. First note that the case j = 1 corresponds to the previous lemma. Hence, 
let j > 2 be arbitrary and fixed. Ewe V {j - 1] then = (0, 1] and ip j ^{Y \ J) 

is an admissible curve. Therefore, Leb(6» e (0,1] : ip(<p 3 ~ 1 (Y \ u ))(0) G (0,1] x I) < 

Q\J~^ for any subinterval I satisfying \I\ < a. Then one can use the bounded 
distortion property to get 

Leb(ee{0,l}:Y j {e)ei)= J2 teb(0ew:tp(tp'- 1 (Y\ u ))(6)el\ 

^ d- 1 V a 

w6 -p(i-i) 

where J = (0, 1] x / and C = 6K > depends only on g. The proof of the corollary 
is now complete. □ 

Remark 3.11. Let us mention that the bound in the right hand side of the expres- 
sion in Corollary 13.101 depends on a and it increases when a approaches zero. In 
fact, as a will be required to be very small for a the large deviations argument in 
Subsection 14.21 it is necessary to obtain similar estimates where the right hand side 
above does not depend on a. 




4. Positive Lyapunov exponents for the skew-product ip a 

In this section we study the recurrence of typical points near the critical region 
and deduce existence of positive Lyapunov exponents Lebcsgue almost everywhere. 

4.1. Recurrence estimates. For notational simplicity set J(r) = (0, 1] x J(r) for 
every r. In the next proposition we show that for a sufficiently large iterate ip M ( a > 
of ip the measure of the set of points which have exponential deep returns decay 
exponentially fast with a rate that does not involve a. More precisely, if < rj < | 
is as given in Propositon 13.61 we obtain the following. 

Proposition 4.1. There exists e > small so that every ip that is e-C 3 '-close to 
(p a satisfies the following property: there exists C, ft > and for any given a > 
there is a positive integer M = M(a) < N(a) such that if Y = graph (Y) is an 
admissible curve, then 

Leb (e G (0, 1] : Y M (8) G J(r - 2)) < Ce~ 5fir 
for every r > (| - 2rj) log i. 

Proof. Let Y be a fixed arbitrary admissible curve and set Yj(0) = (p 3 a (Y(9) = 
(gi (0),Yj(0)). On the one hand using Corollarv l3.10l we deduce that 

Leb ((9 G (0,1] : Y 3 {6) G J(r - 2)) < CoT ?y/\J{r - 2)| < CaT*e-3 (r - 2) , 

li 



which satisfies the assertion in the corollary with C = Ce and j3 = provided that 
| > | log ^- So, through the remaining we assume Q — 277) log ^ < r < | log ^. 
Let M = M(a) be maximal such that 32 M a < 1, and note that M < N. One can 
write 

Leb(0 G (0,1] : f M (0) G J(r - 2)) = ^ Leb (0 e w : Y" A /(0) e J(r - 2) 



E 

sGS j! 



Leb (0 e w £ : Yk(6>) € J(r - 2)) , 



where s = (s\, S2, ■ ■ ■ , %) G S' M is the itinerary for the elements of V^ M \ The 
strategy is to subdivide itineraries s = (si, S2, . . . , Sm) G 5 m according to its 
average depth Y^hLi s i{8)- C> n the other hand, we use a large deviations argument 
to show that points with large average depth decrease exponentially fast. On the 
other hand, admissible curves associated to points with smaller average have vertical 
displacement. 

Claim: For any L > 1 there exists £ G (0, 1) and for any admissible curve Z 
there are disjoint collections V\ and V2 of elements of V such that the image 
Zi(0) = <p(Z)(6) = {g{6),Z 1 (e)) satisfies |Zj |„ -Z x \a, \ > for all u G V x and 
u} (z V2 and 

C < Leb ( |J < Leb ( (J < 1 - C- 



Proof of the Claim: It follows from Lemma 13.91 that the admissible curve Z\ has 
two critical points 9[ < 9' 2 one in each connected component of the set (0, 1] \ A = 
{9 G (0,1] : |sin(27r#)| > |}. Hence ^ arcsiri(|) < 6' x < | — ^-arcsin(|) and also 
5 + 2^ arcsin(|) < 9' 2 < 1 — ^ arcsin(i). 

Onthe one hand, if 8[,9! 2 % [\, §] then [0^,0^ + ^) and (0 2 - ^,0 2 ] are dis- 
joint intervals that do not intersect the middle component [| — ^arcsin(i), | + 
-Larcsin(i)] in A. Then, using that Z\\^i ^/j is strictly monotone and |Z^|yi| > §■ 

a . 1 a 
inf Z1rajaj.11- sup Zi r/j' i fl'i > — arcsml — ) > . 

i H01,01+T?jJ v ^L^— lS> e aJ - 27T 3 ~~ 100 

On the other hand, if 8[ > j then (0, j-] and (9[ — jg,9[] are disjoint intervals. 
Moreover, using that Zi|( ,e^] is strictly monotone and that |Z"|^j_ _3_]| > 4a we 

obtain analogouly inf ^i|( a i-^,ey — su P-^ 1 l(o, 1 ^] — If — IM - ^ similar reasoning 
holds for the case 9' 2 < § . 

Since all partition elements of P have length smaller or equal to there are 
collections V[ and 7-2 of elements in V such that |Zi \ u —Z\ \q \ > for all 
w £ Pj and u> €V 2 . In addition, using that V' x and "P 2 are disjoint we get 

1 - — > Leb ( I I J) > — 
16 ~ V U / " 16 

for i = 1,2 and we set £ = y^. Finally if LebdJ^-p w) < Leb(lJ we p 2 w) we define 
CPi 1 V 2 ) ■■= {V'^V'2) while otherwise (Pi, Pa) := (P 2 ^i)- This finishes the proof 
of our claim. □ 
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Let w, Cj G V^ m ' be arbitrary with lm{u) = (si, . . . , sjw) and tAf (w) = (Si, . . . , 
and assume that |Yjf < y/a for some 9 since otherwise there is nothing to prove. 
We collect some facts whose proof can be found in [Vi97[ p. 72- 73]: 

(1) (Expansion estimates) Given an arbitrary y G Y and < j < M — 1 

\r-=\d x f M - j (<pim\>c2<T?- j 

(2) (Bounded distortion) For all < j < M - 1, all (8j,Xj) G Yj and 1 < i < 
M - j it holds that 

1 XjL <\d x f i (6 j ,x j )\<2- Xj 



(3) (Positive frequency) If K = 400e 2 , ii = 1 and define recursively t i+ i = 
min{ti < s < M : X ti > 2KX S } then there exists 71 > (depending only 
on 77) such that k(r) — max{i : Xt t > 2a~ 2 Ke~ r } satisfies k{r) > jir. 

(4) (Vertical displacement) For any 1 < i < k and (si, . . . , s^-i) there are 
collections V\,i and Vi,% as in Claim 1 (with corresponding symbols s\. , sf .) 
for which the admissible curves tp i (u> Sli ... jS i ) and (w Slj _ iS 2 .) satisfy 

|y ti (w sl ,..., sti -i >St 0W-¥' ii K 1> ..., 8tj -i, s f i WI > ^ for all G (0, 1] 
and, consequently, for any (s ti + 1, . . . , sm) G 5' M_ ' i 

l¥' M K,..., Sti -i,4 i ,^+i,...,,M)W ~ ^K,.. )S , i -i lS i i , Stj +i,...,^)(^)l > 4^e-< 1 '- 2 '. 

Now we are in a position to finish the proof of Proposition [47TJ By a small abuse 
of notation, wc write s ti (9) G meaning that u> St .(e) G ^1,0 and analogously for 
the collection Vi,%- In fact, one can combine Claim 1 with property (4) above to 
show that Lcb (o G (0, 1] : Y M {6) £ J{r - 2)) is given by 



£ Leb(6eoj su ..., SM :Y M (6)tJ(r-2) 

stCS (s 2 ,...,s M _ 1 )eS M - 1 



> Leb(6> : Sl (8) G Pi,i) + Leb ( 9 : si{6) £ T h i and Y M (6) £ J(r - 2)\ , 

since admissible segments over T\ \ and Vi.\ correspond to vertically displaced 
admissible curves when mapped by ip M and MLLe'Pi 1 w) < /j(LL<eP2 1 w ) - Analo- 
gously, the second term in the right hand-side above satisfies 

Lcb(6» G (0, 1] : si(0) £ and Y M {9) £ J(r - 2)) 

= E E E E Leb(0:F M (0)£ J(r-2)) 

+ E E E E Leb(0:y A/ W^J(r-2)) 

si^Pi.i s 2 ,—,st 2 _i s^EPi^ s t2+ i,...,SM 

> E E Lcb(0 :si (0)^Pi,i and s t2 (0)^P li2 ) 

sigPi.i s t2 <£V li2 

+ Lcb(6» : si(0) ^ and s i2 (0) G V h2 and f M (6>) £ J(r-2)) 
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Proceeding recursively we obtain that 

Leb (9 : Y M {6) £ J(r - 2)) 

> Leb (6» : si(0) £ + Leb (6 : sx{6) £ V x ,\ and s t2 {6) G Pi, 2 ) 
+ Leb (6» : si(6>) £ V hl and s t2 (6») ^ Vi, 2 and s t3 (6») G V h3 ) 



+ Leb (0 : s ti (0) £ V hh Vl < i < k(r) - 1 and «t Wrl (0) G P M 



proving Leb (0 G (0, 1] : Yk(6>) G J{r - 2) J < Leb (6> : s ti (0) ^ P M ,V1 < i < fc(r)). 
Hence, to finish the proof it is enough to prove that the previous right hand side 
decreases exponentially fast on r. Since tp(6, x) = (g{0), f(8, x)) where ||<7— g||c 3 < e 
and g is piecewise linear satisfying \g'\ > d then it follows from Lemmas 13. II and 13. 21 
that 



Leb(w( si 



s 2 ,...,s h+i )) , Leb(g fc (w (siiS2 _. iS ))) 

< . . . , , :! —rT- CXp 



Leb(^( W(si , S2 ,..., Sfc) )) *-V(d-l)(d- £ )a 



de 



de 



Leb(w (sijS2j ... iSfc 

= Leb(a W , Sfe+2 ,..., s ^ ) )ex P (_ )(d _ g)a 

and consequently 

Leb(w (sii ... jSfc+f) ) < Leb(w (sii ... iSfc) ) Leb(w (Sfc+l! ... iSfc+ ,)) exp ^ _ _ 

for any fc + I > 1 and sequence (si, S2, . . . , Sfe+f) G S fe+ . Thus if e is small, the 
previous estimates together with k(r) > 71 r yield that 



Leb (0:s ti (0)£Pi,i, VI < i < A(r)) = £ Leb(o; (siiS2) ... iSM) 

{(si,s 2 ,...,SAf ):s tj ^Pi.i} 

fc(r) 

< exp 



< 



< 



exp 
exp 



(d-l)(d-£) 2 
2de 



( i 



(d-l)(d-e) 2 
2de 

(d- 



)(1-C) 

2 )(i-o 



n [1 Leb(P Xii )] 

k(r) 



7H~ 



This proves that Leb [6 G (0, 1] : Y"a/(0) G J(r — 2) J decreases exponentially fast in 
r provided that s > is small, and finishes the proof of the proposition. □ 

Observe that a simpler argument would lead the same result provided the mea- 
sure \x to satisfy a strong independence property, namely, if it is Bernoulli. 

4.2. Positive Lyapunov exponents. We arc now in a position to prove Theo- 
rem |5] similarly to |Vi97] . First wc consider the skew-product ip a . Let 7 G (0, 1) 
be arbitrary and fixed. For any integer n > 1 set m = [\/n] and I = m — M, where 
[•] stands as before for the integer part. Given an admissible curve Y and v G K 2 
non-colincar with d/dx there is C> so that \\D(p%(Y(6))v\\ > C\{g n )'{6)\ > Cd n 
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grows exponentially fast. Hence, it remains to estimate the derivative 



W l a (Y{0)) 



O.r 



n 

3=0 



df 
dx 



where the later product can be estimated according to the returns near the critical 
region using Proposition 13.61 We will say that 1 < v < n is a deep return for 9 if 
9 G u> for some partition element oj G , p( v+e > satisfying tp" (Y |^)n((0, 1] x J(m)) 7^ 0. 
We will say that 1 < v < n is a regular return for 9 if 9 G ui where oj G 
satisfies tp v {Y | a) )n((0, 1] X J(0)) ^ 0and^(Y | u )n((0, 1] X J(m)) = 0. In this case 
we set the return depth r u (9) = min{r < m : <p u (Y | w )n((0, 1] x J(r)) 7^ 0}. Observe 
that the function is constant on the elements of the partition r p("+ i \ Moreover, 
since f v {Y \ u ) is a curve with slope smaller or equal to a and horizontal length 
smaller or equal to 16~t^, if v is a deep return then (p"(Y | w ) C ((0, 1] x J(m — 1)). 
In consequence, from Corollary 13.101 we get 



Leb(# e(0, 1] : 31 < v < n deep return for 9) 

< n Lcb(6» G (0, 1] : %{&) G ((0, 1] x J(m 

< n CoT 1 e~ ^ 

< a" 



1))) 



for all large n. In addition, if 9 G (0, 1] has no deep returns and 1 < v\ < V2 < 
■ • • < v a < n are the regular returns for 9 with return depths r\ , . . . , r s respectively, 
then it follows from the estimates in |Vi971 p. 76] that for all large n 



log 



> 2cn 



iEGt 



n(9), 



(4.1) 



where c = | min{7 2 , log a 2 } > and Ge = {1 < i < s : r Uz {9) > (\ — n) log i}. 
Therefore, if Ge(q) = {i : i>i = g(mod m)} (for < q < m) we obtain that 

Leb j 9 G (0,1] : ^ n(9) > cn ) < V^Leb I 9 G (0,1] : ^ n(0)>—\ 

\ i&Ge ) \ i<£Gi,(q) W / 

= ^™E E Leb(0:rv.(0)=ft, Vj) 

i?>^ ( P l,...,p-r) 



where r denotes the number of nonzero depths rj. Using that R > r(^ — n) log — 
we can take a small so that ^t r ? ! C T < e l3R and since 



Leb (9 G (0, 1] : ^ r,(6>) > cn) < \/n E 



4/9i? < e -/3v^ 



for all large n, it is summable. Borel-Cantelli lemma yields that for Lebesgue almost 
every 9 the expression ^2 ieGg ri{9) < cn holds for all but finitely many values of 
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n. Together with equation (|4.1I) above and using that Y was chosen arbitrary, this 
proves that ip a has only positive Lyapunov exponents, that is, 



for Lebesgue almost every (9,x) and every v G M 2 , proving the assertion of The- 
orem [2] for the skew-product (p a . Now, let ip be £-C 3 -close to ip a . For (p let the 
critical region C be defined by (9,x) e C if and only det D<p a (9, x) = 0. It is not 
hard to deduce from the Implicit Function Theorem that C is a C 2 -smooth curve 
on each invertibility domain, that is, there exists a function r\ : (0, 1] — > Iq that 
is C 2 -closc to zero on each interval (9i+i,9i\ satisfying C = graph(^). Thus one 
can make a C 2 change of coordinates and assume that the critical region C coin- 
cides with the segment {x = 0}. Moreover, since d x f(9x) = 2x we may assume 
d x f{9, x) = |£|V>(0, x) with tp close to 2, behaves like a power of the distance to the 
critical region. This allows to reproduce the previous argument and to show that 
ip has two positive Lyapunov exponents and finishes the proof of Theorem [A] 



This section is devoted to the study of ergodic properties of these robust nonuni- 
formly expanding transformations. In fact we show that there is a unique SRB 
measure and prove that it has good statistical properties. Throughout let (p be 
C 3 -close to ip a and let A denote the corresponding attractor. We will say that <p 
is topologically exact if for any open set U there exists TV = N(U) > 1 such that 
ip N (U) = A. We say that ip is ergodic (with respect to Lebesgue) if all /-invariant 
measurable sets are zero or full Lebesgue measure sets. 

Proposition 5.1. The map ip is topologically exact and ergodic with respect to Lcb. 
Proof. Since the proof follows closely |AV02[ Theorem C] we will omit the details. 



At this point one could use jArSll] to obtain the existence of the absolutely 
continuous invariant probability measure. However, to deduce the good statistical 
properties in Theorem [B] and to deal with the critical set C and discontinuities V 
for ip (formed by countable vertical segments) we need to estimate the tail of the 
hyperbolic times c.f. [A1001 Definition 2.5]. Since the arguments follow some now 
standard arguments we focus on the main ingredients. 

Using that ip is C 3 -close to ip a , we may assume that the critical region C = 
{(9,x) e (0, 1] x I : E(9 7 x) = 0} coincides with the segment {x = 0} and that <p 
behaves like a power of a distance to the critical region along the invariant vertical 
foliation: there exists B > 1, /3 > so that for all {9, x) <G (0, 1] x I and all v e M 2 



This will be used to control recurrence to the critical region C. A first step to 
deduce stretched-exponential decay of correlations using the machinery developed 



liminf- log \\Dip™(6, x)v\\ >c 



5. SRB MEASURES AND THEIR STATISTICAL PROPERTIES 



□ 




(C2) | logllD^i^i^ll-loglp^,^)" 1 !! \ <B- 
(C3) | log | dct Dtp(9 1 ,x 1 ) - log| dctZV(<9 2 ,x 2 )| | < B 
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in }You98[ IALP051 IGou06| we need to obtain non-uniform expansion together with 
slow recurrence condition to both the critical region C. Notice that 

liminf- Y \og\\Dtp(<p j (e^))- 1 ^ 1 = liminf -logllZV^a;) — II > c> 

n-s-oo n — ' n=>co n 11 OX 

3=0 

(NUE) 

and 

^ n— 1 

(Ve > 0) (35 > 0) limsup- V -log distil (6, a;), C) <e (SR) 

J=0 

holds for Lebesgue almost every (9, x), where dists (z, C) = dist(z, C) if dist(z, C) < S 
and dists(z,C) = otherwise. In fact, on the one hand 

^ n— 1 

£„(0,x) := minjiV > 1 : - ^ log \\D(p((p> (e^))' 1 ]]' 1 > c, for all n > ivj 

n-l 

< min jiV > 1 : r,(0, x) < cn (VI < j < n) and ^ n{6, x) < cn (Vn > iV)|, 

is well defined and finite for Lebesgue almost every point. Furthermore, it follows 
that Leb((0, x) G (0, 1] x 7 : S v (6, x) > n) < Ce -7 ^ for all large n. On the other 
hand, given e, 5 > consider the Lebesgue almost everywhere well defined function 

n-l 

n VtSt s(0,x) := min|A^ > 1 : ^ - logdist a (^'(0, x),C) < en for all n > n\. 

3=0 

Notice that if 5 = {\ -2r?) log^ then ^"=o -log dist 5 (<^(0, a:),C) < £"~o r,- (0, x) 
for all (8,x). Hence, the same large deviations argument of Section U yield that 
there exists 7(e) > such that 

n-l 

Leb((0,x): K VlS , s {6,x) > n) < Lcb (o,x): ^ r - (0, x) > en) < Ce" 7 ^^ 1 

3=0 

for all large n. In consequence, this proves that for any e, S > there exists 
7(e) = min{7,7(e)} such that 

Leb((0,x) G (0, 1] x I : £ v {9,x) > n or K v , s , s (9,x) > n) < Ce^ (e)v/ ™ 

for all large n. On the one hand, despite the discontinuities, it follows from the 
Markov assumption and bounded distortion Lemma 13.21 that for any partition el- 
ement lu G V n the map g n \ u : us — > (0, 1] has bounded distortion and the back- 
ward contraction property d(g n ~ 3 \y),g n ~i(z)) < (d — e)~ 3 d(g n (y), g n (z)) for all 
< j < n and y, z G u>. On the other hand, if n is a hyperbolic time for (0, x) as in 
[A100] then there exists a neighborhood B v (0, x) C {9} x I such that <p n \ Un xB v (9,x) 
is a diffcomorphism onto its image that contains a ball of definite size, with bounded 
distortion and backward contraction property, where Lo n denotes the element of the 
partition J>( n > containing 9. Thus, it follows from |Gou06j that there exists a <p- 
invariant absolutely continuous probability measure [i with stretched-exponential 
decay of correlations. In consequence, 

Proposition 5.2. There exists a unique SRB measure \i for (p. Moreover, the 
basin of attraction B{jj) contains Lebesgue almost every point in A. 
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Proof. Let /x be the (p- invariant and ergodic probability measure constructed above. 
Since fi <C Leb then it is clearly an SRB measure because its basin of attraction 

_^ 71 — 1 

B(p) = {(0,&) G A : -X]<W>*) 

is an ^-invariant set and a /x-full measure set. Using that ip is exact then it follows 
that B(p) has full Lebesgue measure set in A. This also proves uniqueness of the 
SRB measure and finishes the proof of the proposition. □ 

Finally, it follows from [ALFVllj that stretched-exponcntial decay of correlations 
imply on stretched-exponcntial large-deviation bounds and also in the central limit 
theorem, almost sure invariance principle, local limit theorem and Berry-Esseen 
theorem. This finishes the proof of Theorem [Bl 

6. Coexistence of positive and negative Lyapunov exponents for 
generic generalized vlana-maps 

This section is devoted to the proof of Theorem [Cl where . in particular, we prove 
that generic generalized Viana maps have a dense set of points with negative central 
Lyapunov exponent. We will make use of the density of hyperbolicity for maps of 
the interval and Proposition ^. 51 

Proof of Theorem\Q Let V be an open set of generalized Viana maps. Since every 
p £ V is conjugated to a skew-product over a (topological) Markov expanding map 
g. Since g is a Markov expanding map of the interval then it has a dense and count- 
able set (j>k)k of expanding periodic points. Moreover, since for any perturbation 
of a generalized Viana map the base dynamics is topologically conjugated to g, we 
shall assume in what follows and without loss of gcnenerality that g is fixed. 

Let k > 1 be arbitrary and let Tr(pk) denote the period of the periodic point 
Pk for g. Moreover, the map p 7 '^^ preserves the fibers over the fixed points 
{p k , . . ^g^^iPk)} for g<P*\ In other words, we consider the well defined the 
multimodal maps f^k '■ h) ^ h) (depending on ip) given by 

fo,k(x) = fig^-'iPk), ■) o ■ • • o f(g(p k ), ■) o f(p k ,x), 

and 

kk{x) = fig^ipk), ■) o • • • o f( Pk ,x) o fig^-^pk), •) o • • • o f(g l ( Pk ),x), 

for 1 < i < Tr(pk) — 1- Now it is not hard to check that one can apply Proposition l3.5l 
to deduce that there exists an open and dense set Ak C V such that for any 
<p G Ak the corresponding multimodal maps /^fc are hyperbolic, for every < i < 
7r (Pk) — 1- In consequence, the basins of attraction associated to the hyperbolic 
periodic attractors is a full Lebesgue measure, open and dense set for each of these 
multimodal maps. In consequence, tp has periodic saddles of period ir{pk) in the 
union of the fibers over the orbit of pk by g, and there exists an open and dense set 
of points in the fibers with a negative Lyapunov exponent. Proceeding recursively 
over all periodic points for g we obtain a countable collection (Ak)k of open and 
dense sets in V as above. In consequence, the subset 

.4oo = n c V 

k>0 

is a residual subset of V and for any ip G Aoo it holds that: 
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i. the periodic fibers are dense 

ii. for every k and < i < n(j>k) there exists a dense subset F^^ C Iq such 
that all x G Fi k is in the basin of a periodic attractor for the multimodal 



ma P fi,k and, consequently, 



lim sup — log 



Dtp n (p k ,x 



d_ 

dx 



< for all x G Fik C Iq. 



Since the set U{{g l (pk)} x i*i,fc : > 1 and < i < 7r(pfc)} is dense in A then prop- 
erties (1), (2) and (3) in Theorem [Clare a consequence of the previous hyperbolicity 
reasoning above. Since V is a set of generalized Viana maps then property (4) is a 
direct consequence of Theorem A. This finishes the proof of the theorem. □ 

7. SRB MEASURES FOR HYPERBOLIC GENERALIZED VlANA-MAPS 

This section is devoted to prove Theorem [D] Consider the skew-products 

tp = Pa. a : (0,l]xR -> (0,l]xR 

(6,x) -> (ff(0),/«,a(0,aO) 

where g is a Markov expanding map on (0,1] and f a ,a(9, x) = a + asin(27r(9) — x 2 for 
some parameters a G (0, 2] and a > 0. It follows from |CS97j that the set A C (0, 2] 
of parameters a such that = a — x 2 is hyperbolic is open and dense in (0,2]. 

Let a G (0, 2) n .4 be fixed. 

It is not hard to check that if q is the fixed point of Q with largest absolute value 
then there exists a closed interval Iq C [q, —q] for which we have the strict inclusion 
Q(Io) C Iq- Moreover, by hyperbolicity Q has a periodic attracting point p of period 
Tt(p) > 1 and 7o = K U £>(p), where £?(p) is the topological basin of attraction of 
p and K is an invariant Cantor set such that Q \k is expanding. In particular, 
</?((0, 1] x 7q) C (0, 1] x Iq provided that a > is small. Since A is open and a > 
is assumed small enough then it follows from the structural stability property that 
all quadratic maps fg(x) = a + asin(27r#) — x 2 are hyperbolic and topologically 
conjugated to the quadratic map Q(x) = a — x 2 : for every 9 G (0, 1] there exists 
an homeomorphism hg that is C°-close to identity, varies continuously with 9 and 
such that fg o hg = hg o Q. In consequence, p# = /i#(p) is an attracting periodic 
point of period 7r(p) and Kg = hg(K) is an invariant expanding Cantor set for the 
quadratic map fg. We first prove that similar features to this one dimensional case 
also hold for the skew-product ip. 

Proposition 7.1. If a > is small then there exists a if '-invariant set Q C (0, 1] x Iq 

and there exists c > so that for all (9, x) G Q 



and 



lim sup — log 



lim inf — log 



Dtp n (9,x) 
Dp n (9,x) 



d_ 

dx 

d_ 

7)6 



< -c < 



> c> 0. 



Proof. Through the proof we assume without loss of generality that p is fixed for 
Q since otherwise we just consider the map . By continuity, there exists 

A < A < 1 and a compact neighborhood U C Iq of p such that |Q'(x)| < A < 1 
for all x G U. Hence, if a > is small enough then pg G U, wc obtain the 
inclusion fg(U) C W and \f g {x)\ < A < 1 for all 9 G (0,1]. By the chain rule 
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o ■ ■ ■ o f g rm o f e )'(x)\ < A™ for all x £ U and n > 1. Now we notice that 
(f((0, 1] X W) C (0, 1] x U and consider the (^-invariant set 

g~ f| rt(o,i]x«). 

)i>0 

Since (0,1] x U is a compact set of (0,1] x Iq in the induced topology then Q is a 
compact set of (0, 1] x Iq and has non-empty intersection with each vertical segment. 
Furthermore, the vertical diameter of each sequence of sets j3™(w„ x U), uj n £ p( n ) 
is bounded from above by A™ diam(W) converges to zero as n — > oo tends to infinity. 
Finally, observe that 

lim inf — log 

n— >-oo 71 

and, by construction, 

= limsup - log|(/ ff „-i(<j) o • • • o f g{g) o f e )'(x)\ 

n— too n 

< log A < 

for all (9,x) £ (J. This finishes the proof of the proposition. □ 

Remark 7.2. Let us mention that the set (J {(0, ge(h j (p))) : 9 G (0, 1], 1 < j < 7r(p)} 
of 7r(p) curves formed by the continuations of the periodic attractors pg is not 
(^-invariant by the transversality condition of admissible curves. An interesting 
question is to determine wether Q can have nonempty interior. 

Now we obtain the existence of a Cantor set of lines with expanding behavior 
in the complement of the topological basin of attraction of Q. More precisely, we 
prove the following: 

Proposition 7.3. If a > is small there exists a if -invariant set K C (0, 1] x Iq 
so that the following properties hold: 

(1) Kg = KD {{9} x Iq) is a zero lebesgue measure Cantor set for all 9 £ (0, 1); 

(2) The function (0, 1] —¥ V(Iq) given by 9 Kg is continuous, where V(Iq) is 
endowed with the Hausdorff topology; 

(3) there exists c > such that for every (9, x) £ K and »el 2 

||LV> n (6),.TH| > e cn for all n large. 
Proof. Let U be as in the proof of Proposition 17. II and for every 9 £ (0, 1] set 
Kg := {x e {9} x I Q : ff(x) t wt(U),Vn > o} = f| f e n (I \ wt(U)), 

where f r g l = / s n-i (e) o • • • o f g{B) o f g . Set also K = {(9, x) e (0, 1] X I : x e Kg}. It 
is clear from the construction that K is a compact (^-invariant set. Moreover, since 
it follows from Singer theorem that the critical point is in the basin of the periodic 
attractor p for Q then there exists N > 1 such that /^(O) £ U for all (9 € (0, 1], 
provided that a > is small. Therefore, there exists an open neighborhood V of 
the critical region {x = 0} such that ip (V) C (0, 1] x U. 

The later shows that all the iterates {(p n (9, x)} n of points (9,x) £ K avoid the 
neighborhood V of the critical region. Thus, Proposition I3.6f 5) implies that the 
restriction / \k is expanding and that Kg cannot have positive Lebesgue measure. 
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Dip n {9,x) 



09 



> log d > 



lim sup — log 

n— f oo Tl 



D^(B,x)- 



Wc proceed to prove now that Kg is a Cantor set. Given any 9 € (0, 1) we have 
Kg = n n >oKg^ n where each Kg t „ = fY-^f^ 3 {Iq \ int(W)) is the union of intervals. 
In particular Kg is a perfect set. Assuming, by contradiction, that there exists an 
interval J C Kg. Then Proposition 13. 6f 5) together with the Mean Value Theorem 
is enough to prove that there exists m > 1 such that /™(</) = Io and consequently 
KP\U D I™ (J) nM / 0. The contradiction proves that Kg is totally disconnected. 
In consequence, each Kg is a Cantor set of zero Lebesgue measure. 

Finally, notice that for all n <G N the map 9 H> Kg^ n is continuous in the Hausdorff 
topology in view of the continuity of the map 9 i— > fg. Since Kg = r\ n >oKg, n and 
the This finishes the proof of the second assertion and the proposition. □ 

It follows from the two last propositions that Lebesgue almost every point in 
(0, 1] x I is in the topological basin of attraction of the set Q. So, we consider 
the restriction ip \g and proceed to prove that it admits a unique SRB measure. 
Let y, be the unique absolutely continuous invariant measure for g and consider the 
sequence of probability measures given by 

^ n— 1 

v n = -V^j(Leb |(o,ii x u), n>l. 

We claim that (y„) n is convergent to an (^-invariant, ergodic probability measure v 
whose basin of attraction covers Lebesgue almost every point in the attractor. This 
will prove that <p has a unique SRB measure. On the one hand, if one considers the 
projection m : (0,1] x I Q ->• (0,1] the sequence (iTi)*v n = i 2"=o 9* ( Lerj | (0 ,i]) is 
convergent to the unique ^-invariant and ergodic absolutely continuous probability 
measure [i. 

On the other hand, the uniform contraction on Li under iteration by fg implies 
that for any continuous observable G, e > and points x, y E {9} x U the Birkhoff 
averages satisfy | i J2]=o @ ° ^ (0, x) — \ Y^j^o @ ° ^ (Pi v) I < £ provided that n is 
large (depending only on g and A). Therefore, the functional ^> : C((0, 1] x U) — > K 
given by 

n-1 

\E-(G)= lim -V / nmx[Go(p3(9,x)]dn(9) (7.1) 

3=0 J 

is well defined and clearly continuous. By Riesz representation theorem there exists 
a probability measure v with supp(^) C (0, 1] x U and such that ^(G) = / G dv 
for all continuous function G. Furthermore, since fi is ^-invariant and ergodic the 
limit (|7.1[) is almost everywhere constant in 9 and consequently 

f 1 

\Gdv= lim -VGo^W,!) 

J 3=0 

for fi x Lcb-almost every (9,x) E (0, 1] x U. In particular, this proves that v is ip- 
invariant and ergodic. Using that Lebesgue almost every (0, x) is eventually mapped 
in the set (0, 1] x U it follows that the basin B(v) is a full Lebesgue measure set on 
the attractor. This proves our claim. Finally just observe by construction that v 
has a negative Lyapunov exponent in the direction d/dx and a positive Lyapunov 
exponent id direction dj '89, which completes the proof of Theorem |Pl 
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